We establish the existence of positive solution for the following class of degenerate quasilinear elliptic problem
Introduction
Consider the following degenerate quasilinear elliptic problem in R N :
where -Lu ap = -div(|x| -ap |∇u| p- ∇u),  < p < N , -∞ < a <
N-p p
, a ≤ e ≤ a + , d =  + a -e, and p * := p * (a, e) = Np N-dp denote the Hardy-Sobolev's critical exponent, V : R N → R is a bounded, nonnegative and vanishing potential and f : R → R a continuous function with a subcritical growth at infinity. Here, D Example . An example for the function f is given by
with λ > p * and α given by (f  ).
By vanishing potential we mean a potential that vanish on some bounded domain or become very close to zero at infinity. An important example for a such potential is given by Consider first the case a = , that is -Lu ap is the p-Laplacian operator, and the potential is bounded from below by a positive constant V  > .
Equations involving the p-Laplacian operator appear in many problems of nonlinear diffusion. Just to mention, in nonlinear optics, plasma physics, condensed matter physics and in modeling problems in non-Newtonian fluids. For more information on the physical background, we refer to [] .
For the case p = , we cite [-], and references therein. In [] , in addition to the above assumptions, the authors consider a local condition, namely, Let us now consider the case a =  and the potential bounded from below by a positive constant V  > .
In this case, the equations arise in problems of existence of stationary waves for anisotropic Schrödinger equation (see [] ) and others problems (for example, see [ The result presented here for  < p < N and a =  extends that one in [] for p =  and a = . In [] , the presence of Hilbertian structure and some compact embeddings http://www.boundaryvalueproblems.com/content/2013/1/92 provide the convergence of the gradient. In the case studied here, with the absence of this structure, we do not obtain the convergence so directly. To overcome this problem, we use a result found in [, ], whose ideas come from [, ] , when the domain is a smooth and bounded. In addition to this difficulty, there are others. For instance, in the present situation, our space is no longer Hilbert, which forces us to obtain new estimates. Since the problem involves singular terms, the estimates are more refined and for which the principal ingredient is the Caffarelli-Kohn-Nirenberg's inequality (see [] ). Now we state the main result of this work.
Theorem . Suppose that V and f satisfy, respectively, (V  ) and (V  ) and (f  ) to (f  ). In order to prove this theorem, we first build an auxiliary problem (AP), and then we solve the problem (AP) using variational methods. To finish, we show that the solution of (AP) is also a solution of (P). These steps are the content of the next three sections.
Then there is a constant
Hereafter, C is a positive constant which can change value in a sequence of inequalities.
We denote B R = B R () the ball in R N centered in the origin with radius R. The weak ( ) and strong (→) convergences are always taken as n → ∞ and
The auxiliary problem
As usual, since we are looking for positive solutions of problem (P), we set f (t) = , for all t ≤ . The hypothesis (V  ) allows us to consider the space
Associated to the problem (P), we define on E, the Euler-Lagrange functional
From the assumptions on f , it follows that I is C  with Gâteaux
To obtain solutions of problem (P), we introduce some truncation of the function f . Con-
Now we define the auxiliary problem:
Associated to the problem (AP), we define, on E, the Euler-Lagrange functional
Solving the problem (AP)
In this section, we show that the problem (AP) has a least energy solution, but first we define some minimax levels. To begin with we set in the space D
 p and we define the functional I  given by
Lemma . The functional I  has the mountain pass geometry, namely,
Proof By using the growth of f given in Remark . and the Caffarelli-Kohn-Nirenberg's inequality (see
exists a t  large enough such that, taking e  = t  u  , we have I  (e  ) <  and |e  | ≥ r  .
Lemma . The functional J has the mountain pass geometry, namely,
Proof proof of the previous lemma. Thus, u  ∈ E and G(x, u) = F(u). With the same argument,
Since θ > p, there exists a t  large enough such that, taking e  = t  u  , we have J(e  ) <  and e  ≥ r  .
Next, we are going to define two minimax levels, which will play an important role in our arguments. Note that is possible to take t such that e = tu  satisfies two previous lemmas. This allows to define the minimax levels c and c by
, we have c ≤ c, by their definitions. Now using the above lemma together with the mountain pass theorem [, Theorem .], we conclude that there exists a Palais-Smale sequence ((PS) sequence for short) (
In particular, the above equation holds for the (PS) sequence (u n ) for J, and we have J(u n )-
On the other hand, http://www.boundaryvalueproblems.com/content/2013/1/92 Proof Observe that, given the (PS) sequence (u n ), by Lemma ., there exists u ∈ E such that u n u, because E is reflexive space. a Thus, it is enough to show that u n → u .
We divide this task in the four claims below.
Assuming Claims  to  for now, we proceed with the proof of lemma.
by Claim , we get
o n (). Passing the limit in the above equation and using Claims ,  and , we get
Using equations () and (), we have u n → u .
In order to prove the claims, for a given > , we choose r satisfying, the following two conditions:
Observe that condition  follows by integrability of |x| -ap * |u| p * and V |x| -ap * |u| p . Note that, when one of these conditions holds for some r  , it also verifies for every r ≥ r  . Thus, we can choose an r that satisfies both conditions.
Remark . From now on, we consider the function g defined in () with r = r satisfying conditions  and  above. From the growth of g and the choice of r, we conclude: is also bounded we have J (u n )(ηu n ) → , namely, 
From this, we obtain
Thus, we have
Using the boundedness of (u n ) in E, i.e., u n ≤ C, strong convergence of (u n ) in L 
Hence,
Using this fact, we conclude that 
Using equations () and (), we have
From this fact, we get B c
r V |x| -ap * |u| p and the proof of this claim is completed. Using Lemmas ., ., . and the mountain pass theorem, in [, Theorem .], we conclude that there exists u ∈ E which is a critical point for the functional J, in the minimax level c. Moreover, u is the least energy solution to the problem (AP).
The solution of (AP) is solution of (P)
Now, our aim is to show that the solution found in the previous section is also a solution of the problem (P). It is sufficient to verify
r .
Lemma . Any least energy solution u of (AP) satisfies the estimate u
Proof Since u is a critical point in the minimax level c ≤ c, by Lemma ., we have 
Remark . The constant
-Lv ap + b|x| -ap * |v| p- v = H(x, v) in R N .
Then there exists a constant M
Then v m ∈ E and using it as the test function in (AP). we have
By definition of v m , we get
and
Using equations () and (), we have
Putting
we have
Thus,
Now, taking into account (), we get
Using (), () and (), we have
Combining (), () and (), we obtain Making m → ∞ and using the monotone convergence theorem, we get
> . Thus, we can consider β = σ j for j = , , , . . . and, using the Hölder's inequality, we have
For j =  and j = , we have pσ q  = p * and pσ  q  = p * σ . Applying this in (), we have
By iterating, we have
Thus, we get
Then we can say that, for all t ≥ p * , we have
As σ depends on q, we have, by definition of
Remark . In the previous lemma, the constant M does not depend on the potential b of the problem (AP).
Lemma . There exists a constant M  >  such that u ∞ ≤ M  , for all u positive solution of (AP).
Proof Take r from the definition of g and define
We will show that, if u is solution of (AP), then u is weak solution of (AP).
In particular, we recall that
Using the fact that R N is the disjoint union of A and B and the definitions above, for a given φ ∈ E, we write
From (f  ) and (f  ), we obtain |f 
